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LARGE SEMIGROUPS OF CELLULAR AUTOMATA 



YAIR HARTMAN 



Abstract. In this article we consider semigroups of transformations of cellular 

automata which act on a fixed shift space. In particular, we are interested 

5h ■ in two properties of these semigroups which relate to "largeness" . The first 

S—U. property is ID and the other property is maximal commutativity (MC). A 

■^^ _ semigroup has the ID property if the only infinite invariant closed set (with 

, respect to the semigroup action) is the entire space. We shall consider two 

U^ ■ examples of semigroups: one is spanned by cellular automata transformations 

CN ' that represent multiplications by integers on the one-dimensional torus and 

the other one consists of all the cellular automata transformations which are 

linear (when the symbols set is the ring of integers mod n). It will be shown 

^_ ■ that the two properties of these semigroups depend on the number of symbols 

^^ ■ s. The multiplication semigroup is ID and MC if and only if s is not a power 

of prime. The linear semigroup over the mentioned ring is always MC but is 
ID if and only if s is prime. When the symbol set is endowed with a finite 
C^ ■ field structure (when possible) the linear semigroup is both ID and MC. In 

addition, we associate with each semigroup which acts on a one sided shift 
space a semigroup acting on a two sided shift space, and vice versa, in such a 
way that preserves the ID and the MC properties. 

m 
> 

m 

00 

in 

^^ . Consider the one dimensional torus T = ^ and the maps m„ (x) — (wa;)„jodi 

C*^ ■ for M G Z. (T,TO„) is a dynamical system which has many invariant probability 

^^ . measures. The situation seems to be different if one considers the multi-parameter 

dynamical system (T, E) where E — {m'^'m^}^ ggpj (the semigroup spanned by both 
m2 and m^). In 1967, Furstenberg asked the following question (Furstenberg's 
Conjecture): Is it true that the only non-atomic ergodic {?Ti2Ti|}-invariant mea- 
sure is the Lebesgue measure? This conjecture has been extensively studied, and 
^ I yet it is still open in the general sense. Rudolph [TB] proved that any measure 

which is {7TT,2"i|}-invariant is a linear combination of the Lebesgue measure and 
measures with zero entropy (with respect to 7712)- For more developments around 
the conjecture the reader is referred to [15] or [T4j . 

The topological version of the conjecture was proved by Furstenberg in |10j : 

Theorem. |j(Furstenberg) The only infinite closed subset of T which is {Tn2m^}- 
invariant is T. 

This theorem classifies the closed {rn.j'TT'll-iiivariant subsets of T, or: the subsys- 
tems of the topological dynamical system (T, {m2,ml}). This property of {m2m|} 
acting on T leads to the following general definition: A semigroup E acting on 
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The original theorem is more general as it holds for non-lacunary semigroups, as will be 
discussed later. 
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a topological space ft will be called ID (stands for Infinite is Dense) if the only 
infinite closed S-invariant subset of $7 is il itself. In terms of subsystems, an action 
of an ID semigroup is almost minimal: the only (proper) subsystems are finite. 

In [1], Berend classified the ID semigroups of endomorphisms of T". Later on, 
in [2], he gave a necessary and sufficient condition for a commutative semigroup 
of endomorphisms of G to be an ID semigroup, where G is a finite dimensional 
connected compact abelian group. 

Let O be a full shift space, i.e. the space of all infinite one (or two) sided 
sequences over some finite symbol set and denote hy a : fl ^ H. the left shift. 
Endomorphisms of the dynamical system (fi, a) are continuous transformations 
T : H. ^ n which satisfy rcr = ctt. These transformations are called Cellular 
Automata Transformations. In this article the term "transformation" will always 
refer to a transformation of a cellular automaton. The object studied here is a 
semigroup which consists of such transformations. 

Note that any transformation maps each periodic sequence to a periodic sequence 
(the period may decrease). Therefore, a semigroup of transformations cannot have 
minimal action. The ID property is a natural generalization of the minimality 
concept for symbolic dynamics. 

The commutativity property is also of interest. A semigroup is said to be maxi- 
mal commutative (MC) if it is commutative and it contains all the transformations 
that commute with all its members. 

In section [2] we recall the definition of "multiplication cellular automaton" , stud- 
ied by Blanchard, Host and Maass ([3] and [4]), which represents a multiplication 
by an integer on the one dimensional torus. We confirm that Furstenberg's result 
can be applied to semigroups spanned by transformations of multiplication cellular 
automata when the number of symbols is not a power of a prime. Then, we show 
that the semigroup of all multiplication transformations is MC if and only if the 
number of symbols is not a power of a prime. 

In section[3]another semigroup, consisting of transformations which are all linear, 
is considered. First, we prove using "symbolic tools" that the semigroup which 
consists of all the transformations over a one sided shift space is ID, for a symbol 
set of any size. When s is a power of a prime, and we endow the symbol set 
with a finite field structure, a generalization of this proof will show that the the 
semigroup of linear transformations is also ID. When considering the symbol set 
of s symbols as the ring -^, the semigroup of linear transformations is ID if and 
only if s is a prime. However, for any s, when considering the symbol set as a 
ring or as a field, the semigroup of linear transformations is always MC. Study of 
transformations which are linear when the symbol set is the ring ^ can be found 
in [13] . Transformations which are linear, when the symbol set is a field (in a more 
general settings), were considered in a series of papers of Ceccherini-Silberstein and 
Coornaert starting from [B] and recently appeared in chapter 8 of their book [T . 

Given a transformation, the question which other transformations commute with 
it, is known as "The Commuting Block Maps Problem" and was introduced by 
Coven, Hedlund and Rhodes in [8]. They presented a solution for some classes of 
block maps over the space {0, 1} . One of the classes is the class of homogeneous 
block maps, which are called here "linear cellular automata transformations" . They 
proved that when the symbol set is {0,1}, then the semigroup of all linear cellu- 
lar automata transformations is MC. The methods used in [8] can not be easily 
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generalized since they use specific properties related to the ring ^. The results 
in sections [21 13] can be viewed as the solution of the commuting problem for the 
classes of multiplications transformations and the linear transformations. 

Sections 1-4 treat semigroups acting on a one sided shift space. Two sided shift 
spaces and semigroups of transformations acting on them, will be introduced in 
section |4l Given a semigroup acting on a one sided shift space, we construct a 
semigroup acting on the related two sided shift space and vice versa. We prove 
that the MC and the ID properties are preserved under these constructions. 

Boyle, Lind and Rudolph in JS^ , proved that the automorphism group of a two- 
sided subshift of finite type is an ID semigroup, for any finite symbol set. In section 
[S]we present a corollary of the theorems proved in sections [5] and |H This corollary 
yields a stronger version of Boyle-Lind-Rudolph Theorem (only for the full shift 
space), whenever the number of symbols is not a power of a prime. 

Since both properties considered in this article are related to "largeness" , we 
investigate, in section[6l the question how "small" (in term of number of generators) 
can be a semigroup having these properties. 

1. Preliminaries 

Define A^ to be a finite set of symbols such that |As| = s for s > 2 (s e N). 
Throughout this article, we will assume that the symbol set is A^ = {0, 1, ..., s — 1}. 
One sided (full) shift space is the topological dynamical system (A^, ct) , where a is 
the left shift: <t (a)^ = a^+i and A^ is the metric space of all one sided sequences 
over Ag, equipped with the metric: 

where a^ y^ bk and a^ = hi for all i < k. If one treats As as a discrete topological 
space, this metric induces the Tychonoff topology on the product A^. Hence, A^ 
is a metric compact (Hausdorff ) topological space. 

A Cellular Automaton Transformation is a continuous function r : A^ — >■ A^ 
which satisfies ra = ar. As stated before, a "transformation" in this article we will 
always mean a cellular automaton transformation. Denote the set of all the trans- 
formations over A^ by CAT (A^) . Note that CAT (A^) is closed under the com- 
position operation and therefore CAT (A^j has a structure of a non-commutative 
semigroup. 

These transformations were characterized in [TT] as follows: 

Theorem (Curtis-Hedlund-Lyndon) . Let r : A^ -J> A^, then t e CAT (A^), if and 
only if there exists some r G N and a function /,- : A^"'"-'^ -^ As, such that 

"^ (")fc = fr {akak+i---ak+r) 

for any a G A^ and fc G N. fr is called a block map and r is the radius of r. It is often 
convenient to use the same notation for the block map fr and the transformation 

r. 

The following two properties will be discussed here. 

Definition 1.1. A semigroup S C CAT (A^) has the ID property if every closed 
S-invariant proper subset of A^ is finite. In this case we say that S is an ID 
semigroup (ID stands for "Infinite is Dense"). 
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Definition 1.2. A semigroup S C CAT (A^) is maximal commutative (MC) 
if: 

(1) S is commutative 

(2) for each /i £ CAT (A^) such that ij,t — t^ (for aU r G S), /i necessarily 
belongs to S. 

Throughout this article we denote a[ij) ~ aiai-^i...aj^i and a[jj] = aiai^i...aj 
for a e A^ or a e Af . 

Let Ti , T2 , . . . , T„ be transformations. We denote by (n , T2 , . . . , t„ ) the semigroup 
generated by ti,T2, . . . ,t„, under the composition operation. If E = {l^a}aei ^^ ^ 
semigroup of transformations (closed under composition) and r is a transformation, 
then (S,t) is the semigroup generated by t and /i^ for all a G /. 

2. Multiplication Cellular Automata Transformations 

Let a e A^. We can think of a as an s-representation of a point in T = ^ using 
the evaluation function: 



V:K 



T, V{a) 



OO 



Tl = 



This function is injective up to the countable set ■; n-^ 4. — ^^ ? C T where pi are 

primes satisfying pi\s, e^ G N and d < p'l^p'^ ...pp' {d G N). Each point of this set 
has a double representation: 

aoai...afe6000... and aoai...ak {b - l),nods (* ^ 1) (* ^ 1) (* ^ 1) ••• 
We call these an "upper representation" and a "lower representation" , respectively. 
In order to investigate the relationship between cellular automata transforma- 
tions and torus functions, we need the following definitions: 

Definition 2.1. Let r G CAT (A^) and let / : T ^ T be a torus function, t 
represents / if the following diagram: 



A 



T- 



A^ 



■T 



is commutative. 

For a prime p satisfying p\s, let /ip G CAT (A^) be the cellular automaton 
transformation defined by: 



Mp (a)k ^ [p-ak+ 1^ J j 



T,od ^ 



In addition, define the identity map /xi (a)^, ~ a^, the mirror map /i_i (a)j, = 
s — ak, and the zero map /io (0)^ = 0. For any u G Z such that u — -~l'^"pi'^^ ■ ■ ■pd^'^ 
where pi\s for all i = 1, . . . ,(i (eo G {0, 1}), define /i„ = /i-i'^" o /ipj'^i o • • • o /ip^'^'' . 

When there is ambiguity regarding the space where the transformation act, we 
denote /i„ to emphasize that ^u S CAT (A^) . 

Theorem 2.2. Let s = p\^ p'^' he the prime decomposition 0/ s, then (/ip. , a) C 

CAT (A^) (for any i) is ID if and only if s is not a power of prime. 
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Theorem 2.3. Let s ~ p{^ p'^J^ be the prime decomposition of s, then (^p-^ , ■ ■ • , 

fip^, fiQ, fii) C CAT (A^) is maximal commutative if and only if s is not a power 
of prime. 

Denote to„ : T — > T by tti^ (x) = {u ■ x)^^^^^^, and observe the following relation- 
ship: 

Lemma 2.4. ^ip G CAT (A^j represents rup (multiplication by p on T). 

Proof. For a "finite" sequence, i.e. a sequence for which there exists some k S 
N such that a^ (a) — 000..., the commutativity of the diagram follows from the 
multiplication algorithm of numbers represented by s-expansion. Clearly, the set 
of all such "finite" sequences is dense in A^. The proof follows from the continuity 
of y, TOp, and /ip. D 

This means in particular that when s — 10, the multiplication by 2 and by 5 
on the torus are representable. Note however that m^ cannot be represented by a 
cellular automaton transformation in CAT (A^g) (see BHM Theorem in the sequel). 

Proof of Theorem 12.21 Consider first the case where s is not a power of prime, 
and let p be a prime factor of s. The proof simply follows from Furstenberg's 
Theorem stated in (lOj . Furstenberg showed that a non-lacunarjQ semigroup of 
integers acting on T by multiplication has the property that the only closed infinite 
subset of T which is invariant (with respect to this semigroup action) is T. Note 
that the semigroup \p^^ s^^ }, , j^ is non-lacunary and therefore has this property. 

Let A C A^ be a closed {fXp^ (t) -invariant proper subset of A^. We wish to show 
that 1^1 < oo. A^ is a compact space, hence both A and V {A) are compact. In 
particular, y (A) C T is a closed set. pip{A) C A, so V {pp{A)) C V {A). From 
V {p,p {A)) = p-V {A)it follows that p- T^ {A) C V {A), hence V {A) is mp-invariant. 
The same holds for a and mg. V {A) is a proper subset of T, thus V {A) is closed 
and a {p'^^s'^^} -invariant proper subset of T, hence by Furstenberg's Theorem it is 
finite. Although V is not injective, for every a; G T, \V^^ {x)\ < 2, therefore A is 
finite. 

In case s = p™ (p prime), (//p, a) — (pp) C CAT (A^) is not ID, since {p'^^} f. gpj 
is lacunary and we can use the same example of Furstenberg given in |10| as follows. 
Let X = Y^^iP~^ ' fheu {p'^^a;}^ j^ has only the limit points 0,p~-^,p~^, ... . The 
set {^^x'p' (y~^a;)} C T is infinite and not dense, therefore {^ip) is not ID. 

Alternatively, we give here a symbolic construction: If s — p>^ ^ then observe that 
by the definition of ^p. 



MP 


A*P 


OOh^O 


00 1^0 


01h-^0 


Qp^ 1 


IQ^p 


pQ^Q 


11 H>p 


pp M- 1 



Any irrational number a; G T, whose expansion a G Al^2 includes only the digits 
0, 1, has an infinite /Ltp-orbit (since a represents an irrational number). This means 



A multiplicative semigroup F C Z is lacunary if there exists 7 g N such that every member 
of r+ = r n N is a power of 7. Otherwise, T is non-lacunary. 
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that |/ip (a)}, fa is infinite but none of the sequences in it contain digits other than 
{0, l,p} (Actually, for even fc's the sequences will contain only and 1 and for odd 
k's the only digits that appear are and p). In particular, the digit p+1 does not 
appear in {/j.^ (a)},pf^- Therefore, |/i^ (a)} is an infinite, /ip-invariant proper 
subset of Ap2, hence (fip) is not ID. 

For s = p" observe that ^J.p {0,0), ^ip (O,/) , ^ip {p^,0),^ip (p'',/) £ {0,p^+^] 
for fc e {0, 1,. . .,fc - 2} and ^lp (0,0) ,/Xp (0,p"-i) ,^lp {p''-\o) , ^ip (p"-i,p"-i) e 
{0, 1}. The digit p+l cannot appear in the orbit j/i^ (a)},, j^ if a„ £ {0, 1} for all 

n. a 

Remark 2.5. The last proof shows a way to construct closed, m^-invariant sub- 
sets of T (which asserts that rriu is not ID). Take a non eventually periodi^ 
sequence a G A^a composed only of {0,1}, consider fiu G CAT {A^^2) and take 

Let T : A^ -^ A^ be a cellular automaton transformation. We would like to 
determine under which conditions r represents a continuous torus function. In 
other words, when can f : T — > T be constructed using the diagram: 



T '^■■■■■i-T 

where V is the evaluation function. 

For f to be well defined, we must confirm that if a, & G V~^ (x), then Vt (a) = 

VT{b). 

Lemma 2.6. Let p\s and s ^ p™ . If t ^ CAT (A^j commutes with Hp, then f is 
well defined continuous torus function. 

Proof. For concreteness, we will focus on the case s = 10,p = 2. The general case 
easily follows. Let r be a transformation that commutes with /i2- Denote A — 
{2^} "^ "^^ ^^"^ ^'^^ *^^ ^^^ ^^"^ points of the torus with two decimal expansions. For 
each X ^ A, define a;",a;' G A^g to be the upper and lower decimal representations 
of a;, respectively. In other words, a;" 7^ x^ but V (a;") — V (a;'). We need to show 
that Vt (x") = Vt (x') for all x G A. For x G T\A, x" = x' is the unique decimal 
expansion of x. 

Define A = {6 eT\3x e A, \Vt (x") - Vt (x') \^S}. Note that G A since 
one can check for example, that Ft (000...) — Vt (999...). For each (5 G A, x G T 
will be called a witness of S if |yT(x") — Vt (x')| = S. It will be sufficient to 
prove that A — {0}. We claim that A C T satisfies the conditions of Furstenberg's 
Theorem. 

Let {6n} C A such that (5„ — > (5 G T. For each 5„, denote its witness by x" G A. 
Denote x"'" and x"'' the two decimal expansions of x", i.e. | Vt (x"'") — Vt (x"'') | = 

Sn. Since (x"'",x"'') C (A^q) and due to the compactness of A^g we can as- 
sume without loss of generality that (x"'",x"'') — !> {y,z). V is continuous and 
F(x"'") — y (x"^') for all n, thus V {y) — V [z). This means that y and z are 



■^Definitions and details provided in the next section. 
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two representations of the same element of the torus. The continuity of Vt imphes 
\Vt (y) — Vt {z)\ ~ 6, so V (y) = V (z) is a witness of 6. Therefore ^ e A and A is 
a closed set. 

Next, we show that A C T is |2'=ilO''4, , ^..-invariant. Let 5 £ A and let 
X G A he one of its witnesses. Define y — 2x € T. Obviously, y £ A. For the two 
decimal expansions of y: 

\VT{y")-VT{y')\ = \VTfi2{xn-VTfi2{x'')\^ 
\Vfi2T{x'')~Vfi2T{x')\ = \2-VT{x'')-2-VT{x')\=2d eT 

This means that y G A is in fact a witness for 26 = 1112 (6), hence m2 (A) C A. The 
same is valid for multiplication by 10 (note that in this case it is not necessary for 
r to commute with /X2, but only to be a cellular automaton transformation, so by 
definition it commutes with a = jJ-w)- 

To conclude, A C T is closed and invariant under the action of the non-lacunary 
semigroup {2'^il0'^^}. By Furstenberg's Theorem, A must be either T or finite. 
Recall that we need to show that A = {0}. 

Assume by contradiction that there exists (5 G A such that 5^0 and let x be a 
witness of 5. Denote a;' = aoai... 0^6999..., a;" = aQai...ak {b — l)^^^^^f^OOO.... Then 

{§^y = Oaoai...afe6999..., (f )" = Oaoai...afe {b - l)„,„rfioOOO-- H r < k + I {r is 



the radius of r), then Vt ((^)") - Vt ((^)') 



= -j^ G A. The same argument 



for -^ implies that jp- G A, similarly -^ implies that -^ G A for all j G N, hence 
A is infinite. 

' " =^ 0, so 



yr{m'')-VT{{^y) 



If r > k + 2, note that for every c G N, 
we can use the same procedure for -^ with a sufficiently large c, concluding again 
that A is infinite. (In this case, the decimal expansions are: 

iwT ^ 0-0«i-«fe^OOO- and (^)' - O...Oai...afc {b - l)_,io999... 

where the number of at the beginning of each expansion is c. Choosing c such 
that r < c + k + 1 reduces the case to the preceding one.) 

We showed that if there exists (5 G A, (S 7^ 0, then A contains infinitely many 
elements, which implies A = T. But this is a contradiction since A is a countable 
set. Thus A = {0} and f is well defined. Standard compactness argument shows 
that f is continuous. D 

Until now we showed that every transformation that commutes with fj,p repre- 
sents some continuous torus function. The next theorem, due to Blanchard, Host 
and Maass ISj, classifies the continuous torus functions that can be represented 
by a cellular automaton transformation, for general s. Although our definition 
for "representing a torus function" is somewhat different from that of p] , the same 
arguments and constructions which appear in |3] can be applied here. They proved: 

Theorem (Blanchard- Host- Maass). If r G CAT (A^) represents a continuous torus 
function f : T — > T, then f is of the form f (x) = ux where u G Z divides some pos- 
itive power of s, or f is a constant function f [x) = — ^, where t G {0, 1, . . . , s — 2}. 



Combining Lemma 12.61 and BHM Theorem completes the proof of Theorem 12.31 
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Proof of Theorem l2.3l Where s is not a power of prime, clearly, {fip-^ , ..., fXp^ , /io) 
is commutative since the multiplications on the torus, rup-^, ...,mp^ and ttiq com- 
mute. 

If T G CAT (A^) commutes with this semigroup, in particular it commutes with 
fip-^ and by Lemma 12.61 , r represents a continuous torus function f. By BHM 
Theorem, f = m^, where each prime p\u is one oi pi, ..^pd or f is a constant map 
f = ^^ for some i G {0, 1, . . . s — 2}. Consider the latter case where f = j^j. Note 
that a constant map commutes with another map iff the image of the constant map 
is a fixed point of the other. Thus, in order to commute with all Hp^ , — ^ must be 
a fixed point of rup. for all i. Clearly, is a fixed point of all irip. so we add hq to 
the semigroup in order to get maximalitjQ. 

We conclude that when s is not a power of prime, r £ (fip-^ , ..., fip^ , /ig) and hence 
the semigroup is MC. 

Note that when ,s = p™, the proof above does not hold, since if we define A C T 
as in the proof of Lemma f2.6l then A is {p'^is'^^j-invariant. {p'^^s'^^} = {p'"^} C N 
is lacunary and therefore, we cannot apply Furstenberg's Theorem to conclude that 
that A = {0}. 

We will show now that when s = p™ then the semigroup is actually not MC. 
Assume s = p™. Define the block map / : A™ —^ Apm by f {aoai . . . am^i) — 
p^^^aa + p™"^ai + ■ • ■ + pa,n-2 + flm-i- / defines a function cj) : A^ -^ A^™ 
by 4'{a)j^ — f {a[mk,m{k+i))) ■ 4' interprets the first m-word as a p expansion of 
an element in p™ and assigns it as the first coordinate. The second 77i-word (the 
symbols amO,m+i ■ ■ ■ 02m-i) is interpreted in the same way and the result is assigned 
to the second coordinate and so on. 

This gives a topological conjugacy 

which means that (j) forms a homeomorphisni between A^ and A^m , and that there 
exists a bijection t n- f from ( ^p , p/^ / ^o ( Mp ; Mo ) such that for any 

r e {^i^i\^J^'i^), 0(t) = f(0). Explicitly, if r = (m^^^)"' (^p')"' then f - 

(4^"') ' (^^0^"') '. Any t/ G CAT (A^) that commutes with U^^\^i^^'^\ defines 
D G C^r(Ap™) hy D — (f){v{(j)^^)). The topological conjugacy asserts that D 
commutes with l^p , fJ-Q ). Hence, in order to show that (/ip lA'o ) C 



CAT (A^„) is not MC, it is enough to show that /^^^ /^^^A = {a, ^lo) C CAT (A^) 

is not MC. 

Now, any transformation in CAT (A^) with 00 • • • G A^ as a fixed point com- 
mutes with {a, /io), or equivalently, any block map that sends the word 00 ... i-^ 
commutes with both a and fiQ and this completes the proof. D 



Note that sometime can be replaced by other digits that have this property: ^ is fixed 
point of both m^ and ms . In A15 , i is represented by the constant sequence 77 . . . . Denoting 
T{a) = 77..., wc get that {fj.3 , ^15 , t) C CAT(Ai5) is MC as well as {^13,^15,(10) C CAT {A15). 
However, a commutative semigroup can have at most one constant map and for the general 
statement we choose fio- 
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Remark 2.7. /i_i G CAT (A^) is the "mirror map" e.g. in the case of s ~ 10 
its block map is O 9, 1 O 8, ..., 5 -f-?" 5. From BHM Theorem we have that a non 
constant transformation that represents a continuous torus function must be of the 
form flu where w G Z. In the case s = 10 for example, /i_i also commutes with 
both /i2 and /is. Note that for positive u, fi^ keeps the same representations: if 
a € A^g is the upper representation of x ^ T then /i„ (a) is the upper representation 
of ux G T, while fi^ for u < flips between the representations. Thus, although 
m^i and mo commute, /i_i and fxo do not commute. 

To summarize, wc have shown a way to construct semigroups which are both 
MC and ID whenever s ^ p™ for a prime p. The same construction, when s = p™, 
is neither MC nor ID. 

Semigroups of CAT (A^™ ) which are both MC and ID are described in the next 
section. 

3. Linear Cellular Automata Transformations 

In this section we consider A^ as the ring ^. Note that the ring's structure 
depends on the interpretation of each symbol in A^; every bijection between the 
symbol set A^ and the elements of ^ defines a different ring structure on A^. For 
simplicity choose the identity permutation and treat A^ as ^. Thus, A^ is endowed 
with a structure of a A^-module. 

When s = p™ is power of a prime, one can give the symbol set a field structure 
(again, the interpretation of the symbols affects the field structure) . We will dis- 
tinguish between these objects by the following notations: A^ is the ring ^ (either 
when s = p™ or not) and F^™ is the field of p™ elements. Thus, Fpm is endowed 
with a structure of an infinite vector space over Fpm . 

Define LCAT (A^) to be the subset of CAT (A^) , which consists of all the 
cellular automata transformations which are linear, i.e. LCAT (A^) = CAT (A^) n 
HoruA^ (A^A^). Clearly, iCAT (A^) is a semigroup since both C^T (A^) and 
Hom\^ (A^, A^) are closed under composition. 

Given r e LCAT (A^), denote its block map by fr : A^+i -^ A^. The linearity 
of T imposes the following condition on /^: 

afr (a[0,r]) + Pfr (&[0,r]) = fr (aa[0,r] + /?&[0,r]) 

for any a, (3 £ As and ofq ^i, &[o.r] G ^s^""^- 

This means that r e LCAT (A^) iff its block map is a A^-linear functional on 
A^+^. We can describe the action of t G LCAT (A^) by a "shift-polynomial" in 
the manner described below. 

Consider the standard basis {e*}. of A^+^ and let c; — fr (e*). Let aQ...ar G 
A^+^j then fr (ao...a,.) = cq ■ oq + ci ■ ai + ... + Cr ■ a^. Now associate with r 
the polynomial Pr (x) = cq + cix + cix^ + ... + c^x^ , pr G Ag \x\. Observe that 
substituting a cellular automaton transformation in some polynomial p G A^ [x] 
yields a cellular automaton transformation. In particular, substituting the shift a 
in Pr yields r. 

One can check that the ring LCAT (A^) with composition as multiplication and 
point-wise addition, is isomorphic to A^ [x] by r i— > p,- . This was shown in [S] and 
discussed in [Sj for the case s — 2. In particular, LCAT (A^) is a commutative 
semigroup, since the polynomial ring is commutative. 
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In the same manner define LCAT (FE^ ) to be all the transformations which are 
linear. The same isomorphism to the polynomial ring holds for LCAT (F^m) and 
hence the commutativity property follows. 

In this section we will prove the following: 

Theorem 3.1. The semigroup LCAT (F^m) is an ID for any finite field F^™. 

Theorem 3.2. The semigroup LCAT (A^j is an ID semigroup if and only if s is 
prime. 

Theorem 3.3. The semigroup LCAT (F^m) is maximal commutative for any finite 
field ¥pm . 

Theorem 3.4. The semigroup LCAT (A^) is maximal commutative for any s > 2. 

In order to prove that LCAT (FS,, ) is an ID semigroup we first prove that 
CAT (A^) is an ID semigroup for any 4j- Then we show the property for the 
semigroup LCAT (F^^). 

Note that for s ^ p"^ this claim results from section[2]as follows: if s = p^^ p^'* 

{d > 1), then (iip.,a) is an ID semigroup (for i ~ 1,2, . . . ,d). In particular, 
CAT (A^) is also an ID semigroup, as it contains a sub-semigroup which is ID. 

To prove that CAT (A^) is ID for any s, we will use the following definitions: 

Definition 3.5. A sequence a G A^ is a rich sequence if there exists {um} C N 
with Um -^ c)o such that for each m E N there exists k (m) € N with the property 

a[i,i+k} ¥" «[jj+/c) for all i =^ j < Um- 

Definition 3.6. A sequence a G A^ is a periodic sequence if for some c > 0, 
On = On+c for all n G N. a G A^ is c-periodic if c is the minimal integer for which 
this holds, c is called the period of a. 

Definition 3.7. A sequence a G A^ is a b, c-eventually periodic sequence if 

a (a) is c-periodic, but a (a) is not periodic. For simplicity the parameters b,c 
will be omitted when possible. 

Lemma 3.8. A sequence a G A^ is eventually periodic if and only if it is not rich. 

One can give a purely symbolic proof for this lemma. However, consider the 
evaluation function F : A^ ^- T, mentioned in section [5J the eventually periodic 
sequences are mapped to rational numbers while rich sequences are s-expansions of 
irrational numbers (for any s). 

It follows from the definition that a rich sequence has an ample supply of words 
{a[ij] is a word appearing in a). This will enable in Theorem 13. 121 & construction 
of specific transformations showing that the image of the action of CAT (A^) on 
any rich sequence is dense. On the other hand, by definition, eventually periodic 
sequences lake this property. However, the maximal amount of different words can 
be found in an eventually periodic sequence is described in the next lemma 

Lemma 3.9. Let a G A^ be b, c-eventually periodic, then there exists fc G N such 
that a[j_i+fe) ^ a[jj+fc) for all i ^ j < b + c - I 



Note that when considering CAT (A^), the symbol set A^ carries no structure. 
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Denote 
Bb,c ~ {flo • • • CLb^idb ■ ■ -flb+c-i} == {flo • • • o-b-iab ■ ■ ■ ab+c-ittb ■ ■ ■ a-b+c-i ■ ■ ■ } C A^ 

Note that the parameters b, c are not minimal as they are in the definition of a 
&, c-eventuahy periodic sequence. Bb,c can be defined alternatively by the subset of 
A^ consisting of all b' , c'-eventually periodic sequences with c'|c, b' < b. 

Lemma 3.10. For any b,c, Bb,c is closed and CAT yA^j -invariant. 

Proof. Since \Bb.c\ < oo, Bb.c is a closed set. Obviously, if a is 6, c-eventually 
periodic then for any t e CAr(A^), t (a) is 6', c'-eventually periodic with c'|c, 
6' < 6, thus T (a) £ Bb,c which shows the invariance. D 

Lemma 3.11. Let A C A^ be a C AT (^A^^^ -invariant subset. If A contains a 
b, c-eventually periodic sequence, then Bb^c C A. 

Proof. Let a e A be 6, c-eventually periodic and let x £ Bb^c- We will define a 
transformation t £ CAT (A^) such that r (a) — x. From Lemma [3.91 there exists 
A: £ N such that a[i.i+fe) ^ a]^j,jj^k) for all i,j < b + c. Thus, the following block map 
is well defined: 

f{yoyi---yk) = < . . 

I otherwise 

If T is the transformation associated with /, then r (a) = x. This can be done for 
any x £ Bb^c, thus Bb.c C ^. D 

Theorem 3.12. T/ie semigroup CAT (A^j is an /£) semigroup for any s > 2. 

Proo/. Let A be a CAT (A^) -invariant subset of A^. 
Distinguish between two cases: 

(1) If ^ contains a rich sequence we claim that A — A^. Let a £ A be a rich 
sequence, x £ A^ and let e > 0. Choose no > -. By the definition of a 
rich sequence, it is possible to find a fc £ N such a[i.i_|_fc) ^ 0'[j,j+k) for any 
i ^ j < uq. Define a block map as follows: 

„ , J Xi if 2/02/1 ■■■Vk = aii,i+k) 

j[yoyi---yk) = <^ . 

I otherwise 

Note that for a transformation r defined by this block map, r {a),Q „ \ — 
X[o^„o) and thus d{T (a) ,x) < e. This holds for any x £ A^ and arbitrary 
e, therefore yl = A^. 

(2) Otherwise, A contains only eventually periodic sequences. Assume that A 
is infinite, we need to show that A = A^. From Lemma [3.111 A is a union 
of Bb^c sets. Since \Bb^c\ < oo, A is a union of infinitely many Bb^c sets. 
Thus, A contains Bb^c with arbitrary large b -\- c. 

Let x £ A^ and e > 0. There exists Bf,,c C A with 6 + c > i. By 
definition, Bb^c contains all the b -\- c prefixes, in particular, it contains a 
sequence a which coincide with x on the first b -\- c coordinates: a[o^b+c} — 
X[Q^b+c)- Since this can be done for any e > 0, we conclude that A = A^. 

D 
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Recall that the goal was to prove that LCAT (Fp,„) is an ID semigroup. The 
method used in the preceding proof was building specific block maps. This was 
possible due to the variety of different words appearing in a rich sequences, or, in 
infinitely many eventually periodic sequences. To be able to build such a block map 
for a transformation in LCAT (Fpm) we must ensure that there are enough words, 
which are not only different but also linearly independent. 

Lemma 3.13. Let a G ¥^m be a rich sequence, then for any n E N there exists a 
k{n) such that the set of vectors {ar^.i+jt)} _n "^ ¥i,m is linearly independent. 

Proof. Assume by contradiction that there exists an rig G N such that for any fc, 
{au j_|_fe)} .^ is linearly dependent. For any fc € N, define r {k) as the minimal 

integer such that a^^.r+fc) is linearly dependent on its predecessors ({a^j j+j.)} . are 
linearly independent). For any fc, r (fc) < no — 1 and thus there exists a sequence 
ki ^ oo such that r {ki) = rg is fixed. 

Since the field ¥pm is finite, there is a finite number of linear dependencies for hq 
vectors. Assume without loss of generality that for any fc; the Tq vector depends 
on its predecessors by the same linear combination: a[ro.ro+ki) = X]I=o PiO-li-i+h) 
for aU Z e N. 

In particular, for each j > tq, find ki > j and conclude that the j coordinate 
satisfies aj — J2'i=i-r Pi'^i- Therefore, for any / such that fc; > s^° we can find 
i,j < ki such that a[i^i+ro) = '^[jj+ro] ^^'^ thus ai+ro — o-j+ro- By induction, a is 
eventually periodic, which is a contradiction. 

D 

Lemma 3.14. Let a € Fp,„ be a b,c-eventually periodic sequence, then there exists 
some fc e N such that the set of vectors {a[i.i+fe)} _„ C Fp™ is linearly independent. 

Proof. From Lemma l3. 91 there exists a fcg such that all the words {a-[i.i+ko)} _n ^^^ 
differeniO. Clearly, this holds for any k > ko. If for some k > ko these vectors are 
linearly independent then wc are done. 

Otherwise, enlarge A:/ — > oo and repeat the argument used in the previous lemma 
to get ro < 6 - 1 such that a[ro,ro+ki) = J2lL~o P'i°-[i,i+ki)- But then o-'~° (a) is 
periodic in contradiction to the minimality of b. D 

Now we can prove Theorem 13. II 

Proof of Theorem [SUl Let A C F^,„ be an infinite LCAT (F^„) -invariant set. 
We need to show that A is dense. Let e > 0. 

If A contains a rich sequence a, by Lemma 13.131 for any no, there exists a fc, 
such that the first no A:- words of a are linearly independent. Choose no > - and 
denote k — k (no). Given x € F^™, consider a block map that assigns to the block 
o-li,i+k) ttic value Xi for each i — 0, ... ,r — 1. Note that due to the independence 

of {a[i^i^k)} Iq , such block maps exist and they are linear functionals on Fp^. 
Hence, a transformation defined by such a block map is indeed linear and thus is a 
member of LCAT (F^^) . Obviously, d (r (a) ,x) <e and hence, A = F^^ . 



We can assure that all the first b + c — I feo-words in n are different. Here we need only the 
first 6—1 words to be different. 
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Otherwise, A is an infinite set of eventually periodic sequences. Using Lemma 
13.141 and a similar argument we get the following. Let x e F^™ and let a e ^ be a 

b, c-eventually periodic sequence. We can construct a block map that is associated 
with T e LCAT(F^„) such that d{T{a),x) < i. Thus, if A contains a b,c- 
eventually periodic with arbitrary large 6, then A ~ F^™ . 

We still need to consider the case where A is an infinite set of eventually periodic 
sequences with bounded parameter b. In this case parameter c of the sequences in 
A in unbounded. The shift a is in LCAT (F^„) and A is LCAT (F^„) -invariant, 
therefore A contains infinitely many periodic sequences with arbitrary large period 

c. Let X G Fpm and let a S A be a c-periodic sequence. Repeating the argument 
in Lemma 13.141 we can find a A: G N such that all the first c — 1 /c-words in a are 
linearly independent (using the minimality of c). Thus it is possible to construct 
in the same way a t £ LCAT {¥^„^ ) , such that rf (r (a) , x) < ^ . Since A contains 
sequences with arbitrary large c, A = F^™ . D 

Proof of Theorem [SHI Clearly, if s is prime then LCAT (A^) == LCAT (F^) 
and hence by Theorem |3lll LCAT (A^) is ID. 

Assume that s = pq {p,q ^ 1, they may be equal). Let A — pA^ be the set 
of all sequences a G A^ such that p|a„ for all n. A ^ A^ since p is not invertible 
in As- Note that A is LCAT (A^) -invariant since each coordinate of T{a) (for 
a € A,T £ LCAT (A^) ) is a linear combination of numbers that are divided by p. 
Hence, A is an infinite non-dense LCAT (A^) -invariant subset of A^, which implies 
that LCAT (A^) is not ID when s is not a prime. D 

Proof of Theorem 13.31 and Theorem 13. 4i We prove the maximal commuta- 
tivity for LCAT (A^) . For the proof of Theorem O replace LCAT (A^) in the 
following by LCAT (F^^). 

Recall that LCAT (A^) is commutative since it is isomorphic, as a ring, to the 
commutative ring of polynomials over As. Thus, all we have to show is maxi- 
niality. Let r G CAT (A^) be a transformation such that t^ = ^t for every 
fi G LCAT (A^). Given ^ G LCAT (A") let p^ (x) = ^[^^ c^x' be the polynomial 
associated with it. Without loss of generality assume that both ^ and r are of the 
same radius r, hence Tfi and fir are of radius < 2r and we may consider the radius 
to be exactly 2r (the radius in our definition is not necessarily minimal). For any 
block a[o,2r] e Af +1, 

■^A^ (a[o,2r]) = ■r (M(a[o,r]) Ai(a[l,r+1]) •■•M(a[r,2r])) 

" ^ X! "^»"' Yl "^»"»+i ■•■X! '^'"'+'- 



^i=0 / \i=0 / \i=0 



and 



A«T(a[0,2r]) = A*('r(«[0/r]) T(a[l,r+1]) •■•T(a[r.2r])) 
r 



i=0 
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From comniutativity 




i=0 \ \j=0 / \i=0 / \i=0 / / 

for any choice of q G A^. (for i = 0, ...,r) and for all ajg 2r] G A^''+^. Let c G A^. 

{c i = 
in dl]) yields 
i > 

cr (a[o,r]) = T ((cao) (cai) ... (ca^)) = t (ca[o,r]) 

for all a[o,r] G A^^^, which asserts that t is homogeneous. To show that r is 
additive, we need to verify that for any x^)...Xr^ 

r 
T {xoXi...Xr) = ^ XiT (e') 
i=0 

where {e*} ._„ is the standard basis of A^'^^. Fix X[q,.] £ A^'+^. Substituting 

{0 i j^ r 
in (m yields 
1 i — r 

XrT (0...1) + Xr~lT (0...10) + ... + XqT (1...0) = T {xoXi...Xr) 

Note that the left hand side is equal to J2l=o^i''' i^^)' therefore t is additive, 
which proves that r is linear, namely r G LCAT (A^). D 

4. Semigroups over one sided and two sided shift spaces 

So far we dealt only with one sided shift spaces, A^. A cellular automaton 
transformation over a two sided shift space Af is a continuous function Af -^ Af 
which commutes with the left shift a. Similar to the description of a transformation 
over A^ by a block map, there exists a two sided version of the Curtis-Hcdlund- 
Lyndon Theorem: 

Theorem (Curtis-Hedlund-Lyndon) . Let t : Af -> Af , then t G CAT (Af) if and 
only if there exists some r G N and a function /^ : A^''+^ — > A^, such that 

'^ (")fe = / («fe-i- • • • ak-io-kak+i ■ ■ ■ cik+r) 
for any a G Af and fc G N. 

fr is called a block map and r is the radius of r. As in the one sided case, it is 
often convenient to use the same notation for the block map fr and the transfor- 
mation r. 

Every block map of r G CAT (A^) is a valid block map for a transformation 
in CAT (Af ) . Under this correspondence we may regard t as being contained 
in CAT (Af ) and we may say that CAT (A^) C CAT (Af ) . In particular, any 
semigroup S C CAT (A^) can also be considered as a semigroup S C CAT (Aj) . 

For E C CAT (Af) such that a e i:, denote S+ = E n CAT (A^). E+ contains 
all the transformations in E which can act also on CAT (A^) . Observe that for 
each T G E\S-|_, if we compose it with a'' where r is the radius of r, we get an 
element in E+ . Note that E+ is a sub-semigroup of CAT ( A^) (when it is non 
empty). 
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One may think of a cellular automaton as an action of a machine that reads the 
first r +1 symbols (ao . . . Or), assigns to them an output according to its block map 
and inserts it in the first coordinate. Then, the machine moves to the next r + 1 
symbols (ai . . . a^+i) and inserts the corresponding output in the second coordinate 
and so on. The machines r and a^T (z G Z) use the same block map and differ 
in the location where they insert the output. This perspective suggests to view 
a cellular automaton transformation as being determined by its block map rather 
than where the precise location of the output is. This motivates the following: 

Theorem 4.1. Let S C CAT (A^) be an ID semigroup, then (S, cr-'^) C CAT (Af ) 
is an ID semigroup. 

Theorem 4.2. Let S C CAT (A^) be a maximal commutative semigroup, then 
(SjCr^^) is maximal commutative in CAT (Af). 

Theorem 4.3. Let E C CAT (Af) be an ID semigroup, then (i;,cr)_^ C CAT (A^) 
is an ID semigroup. 

Theorem 4.4. Let S C CAT (Af ) be a maximal commutative semigroup then S^ 
is maximal commutative in CAT (A^) . 

Denote by 7r+ : Af — > A^ the projection on the positive coordinates: 

71-+ ({a«}!°co) = {""IIT- 
Note that these statements are sharp in the following sense: In Theorem 14. li if 
we delete a~^, then E C CAT (Af ) is not an ID semigroup (the set of all sequences 
such that 7r_|- (a) is 1-periodic is invariant). Clearly, it is necessary to add a^^ in 
Theorem l4.2l The statement of Theorcm l4.3l is meaningless without adding a since 
E+ may be empty. 

Definition 4.5. A sequence a G Af is c-periodic if for any z ^ Z, Oz = Oz+c, 
where c is minimal with this property. 

Proof of Theorem l4.1l Let F C Af be an infinite set, and let w_„ . . .wo . . .Wnhe 
some finite word of length 2n+l. Define X = {a'~''{y)\y €Y,k>n} and note that 
■K+ (X) is an infinite subset of A^. By the fact that S is ID, there exist i; G 7r-|_ {X) 
and T G S such that T(5:)[o,2n] = w-n . ■ -Wq . . . Wn and x = a'~^{y) where k > n 
and y eY. That is To-~*''+"(y) [_„.„] = w_„ . . .wq . . . Wn- Since rcr~'^+" G (S, a^^) 
and W-n ■ ■ .Wq . . . Wn is an arbitrary word, we conclude that /S, cr^^) is ID. D 

Proof of Theorem 14.21 Let r G CAT (Af ) with radius r and consider tct''. Note 
that for every A: G Z, the k coordinate rcr'' (a)j, is dependent only on a^j, fe^2r+i]- 
Thus, ra"^ can act also on the one sided shift space, hence ra"^ G CAT (A^) (with 
radius < 2r). 

Assume that r commutes with all S' = (S, cr^^), we need to show that r G S'. In 
particular, r commutes with E. Let /i G S, then Tfi = iit and hence cr'V/i = fia''T. 
Since a-'r G CAT (A^) and S is MC, aW G S, which implies that r G E'. D 

Proof of Theorem 14.31 Let AT C A^ an infinite set, and let F C Af be the 
set Y — {y\\/n G N, 3a; G AT, m G N, y[-n,n] = 2:[m,m+2n]}i that is, every symmetric 
word in an element of Y, appears as a word in some element of X . 

First we show that y y^ 0. Given a; G AT we construct y E Y: There exists 
a symbol rj that appears infinitely many times in x. Define yo = rj. There exist 
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two symbols C and 9, such that the word (^rjO appears infinitely many times in x. 
Choose J/[-i.i] ~ Cv^- Continue with this process to get that y CzY. In particular, 
y ^ and for every x € X and for arbitrary large length m, there exists this y 
that shares a word of length m with x. 

Assume that |F| = oo. Since E is ID, S (y) = {t (y)} ^ ^^^ ^^y ^^ dense, that 
is, any arbitrarily large symmetric word appears in some element of E(y). Let 
wq . . .Wk E Ag+^ be a word. Find t and y such that r {y)iQ y = wq . . .Wk and denote 
by r the radius of r. By the definition of Y, there exists x € X and a length m > 0, 
such that y[r.k+3r] = X[m.m+k+2r]- Notc that T € S implies that ra^ G (E, 0-) + , and 
^c^'' (a;)[,„^™+fc] = tct'' iy)[r,k+r] = ^ (2/)[o,fe]- Hence r(T'-+'" (x)^^^^,] = wq • • • w^. Since 
^^r+m g ^j^^ ^^^ g^j^jj |.]^g word Wq . . .Wk is arbitrary, we conclude that (E, u)^ is 
ID. 

Therefore, it is enough to show that |y| = oo. Assume by contradiction that 
|y| < oo. Since by definition Y is a- invariant, it consists only of periodic sequences. 

Suppose that there exists y £ Y such that for arbitrary large k, there exists 
2;(fc) g X and n > k with y[-k.-i] = a^Lfe+n „_i] but j/q ^ a;„ . We can assume 

without loss of generality that Xn is the same symbol, for all k. Thus there exists 
y' €Y such that y', .^, — y(oo,-i] but y'g ^ yg. Now either y or y' is non periodic 
which is contradiction. 

Hence, for every y E Y there exists a length M (y) such that if j/[_fc_i] = 
X[_jt+n,n-i] (for X e X,k > M {y) ,n > fc) then j/o = 2^n- Denote by M = 
maxygy {M (y)}. li x £ X shares a word of length M with some element in Y 
then they are right asymptotic {3n e N, z G Z such that X[n^oo) = 2/(2, oo))- But 
we saw that every x £ X shares arbitrarily long words with some y £ Y so every 
X € X \s, right asymptotic to some y eY . 

Now, since Y contains only periodic sequences, there are infinitely many se- 
quences {a;^"H C X that are eventually periodic with the same period. Moreover, 
we can assume that they are all right asymptotic, a;*-"' is 6'"-*, c-eventually periodic, 
where U^> — > oo. By the minimality of the parameters, the sequence X[^(n\_i ^\ 

is not periodic (while x^{^ri),oo) '^^ periodic). Define y e Af by y[o,oo) = x\b{n),oo)- 
Consider the symbols appearing in {xun\i} (where bin) > 0). Without loss of 
generality all of these are the same symbol rj and define j/_i = rj. Consider the 
symbols appearing in {xMn)-2} ^'-"' such x^'"'' where b (n) > 1. One of the symbols 
appears infinitely many times and set j/_2 to be that symbol. Continue with this 
process to get y G Af . By the construction, y GY and it is non periodic which is 
contradiction. We conclude that Y is infinite and the proof is completed. 

D 



Proof of Theorem [13 Let r G CAT (A^) such that r commutes with all E+. 

First we show that r, as a transformation in CAT (Af), commutes with all E. 
Let /z G E be a transformation with radius r. Since E is MC it must contain 
a and thus fia^ G E+. r commutes with all the elements of E4-, in particular 
fxa^T = Tfia^. a^ commutes with both t, /i, and a^ is invertible, hence fir = Tfj,. 
The MC of E implies that r G E. Thus r G E n CAT (A^) = E+. D 
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5. The Action of the Automorphism Group 

Denote the group of all the automorphisms of the dynamical system (Af , a) by 
Aut (Af ) . Aut (Af ) consists of all the cellular automata transformations which are 
bijective functions. 

The automorphism group is "large" in the algebraic sense. Hedlund [11] showed 
that Aut (Af ) contains a copy of every finite group, and Boyle Lind and Rudolph [S] 
showed that is contains free groups. Recently Aut (Aj) has been extensively studied 
and a rich algebraic theory has been developed. The automorphism group is studied 
usually for automorphisms of subshift of finite type, as well as for automorphism 
group of multidimensional shifts of finite type (see J12:). 

The automorphism group is "large" in the dynamical sense as well. Boyle, Lind 
and Rudolph [3] showed that Af does not contain a proper infinite closed set which 
is Aut (A J) -invariant. This means in our terms that Aut (Aj) is an ID semigroup. 
Their theorem is more general and holds for automorphism group of any mixing 
shift of finite type (see [3]). Consider the case of the full shift space when s is not a 
power of prime. A stronger version of BLR Theorem, for that particular case, can 
be derived from previous results in this article. 

In section[2]we defined ^u £ CAT (A^) (w|s" for some n). As already mentioned 
(section S]) ^u can be viewed as a transformation in CAT (Af ) . As such, ^u G 
CAT (Af ) is both onto and injective (note that (/iu)~ = cr~^/x^)). Clearly, as a 
transformation acting on a one sided shift space {^p G CAT (A^)), is onto but not 
injective. 

Theorem 5.1. <'/ip,CT, cr^^) is an ID semigroup of CAT (A^) where p\s is prime 
and s is not a power p. 

In particular, Aut (Af ) is an ID semigroup where s is not a power of prime. 



Proof. Let s = pq where p is a prime that does not divide q. From Theorem 12. 2| 
{fip, a) is an ID semigroup of CAT (A^) . Hence, by Theorem l4.H (/Xp, a, cf~^) is an 
ID semigroup of CAr(Af). ^p £ Aut (A^) and clearly a,a^^ S Aui(Af), thus, 
Aut (Af) is an ID semigroup as it contains the ID sub-semigroup (fip,a,a^^'). D 



6. ID AND Maximal Commutativity 

Let 51 be a shift space, E C CAT (57) a semigroup and let S' be a sub-semigroup 
of E. Clearly, any S-invariant subset of 57 is in particular S'-invariant. Therefore, 
any semigroup which contains an ID semigroup is also ID. 

On the other hand, the MC property in not preserved under inclusion (adding 
new elements will break down the commutativity) or by moving to smaller semi- 
group (removing elements will break the maximality down). 

A semigroup which is ID is "large" in a dynamical sense, while the MC property 
indicates "largeness" in an algebraic sense. 

However, neither of the properties implies the other: the semigroup {fi2,<y) C 
CAT (A^o) (section [2]) is ID but not MC. While LCAT (A^) is not ID when s is 
not prime, but it is MC for any s. 

Although ID and MC are properties that indicate "largeness" we saw a semigroup 
generated by only two transformations which is ID. In the following, we construct 
a semigroup generated by two transformations which is MC (and not ID). 
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Consider the case s = 2. As in section |3] one can treat A2 as the field ^. Let 
T e CAT (Af ) be defined by 



T (a)j, = flfe + J]^ [ak+i + 5i) 



where addition and multiphcation are defined in ^, 5i € ^ {i = 1, ...,r) and the 
radius r > 2. 

Define the least period of t by the minimal integer m such that di = 5i+m for 
i = 1,2, .., r — m. 

Coven, Hedlund and Rhodes [8] solved the "Commuting Block Maps Problem" 
for several classes of block maps, in particular for the block maps of the form that 
defines r above. They showed that the set transformations commuting with t 
depends on whether rn < ^ or not. We rephrase their solution for transformations 
of the form of t with m < ^ using the terminology of the present article: 

The Small Period Theorem ( Coven-Hedlund-Rhodes) . Let r £ CAT (Af ) be de- 
fined by 

r 

T {a)f, = flfc + JJ {ak+i + Si) 
1=1 

where the least period of t < §. Then (r, a, (J~\ld) C CAT (Af ) is MC. 

Consider t with the following parameters: r = 2 and 61 = S2 ^ 0. The resulting 
transformation is t (a)j, = Ofc + ak+iak+2- 

T "changes" the k^ coordinate if and only if ak+i — ak+2 = 1. For each i G Z, 
define e* G Af to be the sequence with 1 in the i coordinate and elsewhere. The 
consecutive pair 11 does not appear in e' and therefore r (e*) = e* for all i E Z. 

Define A = {e%^ = {e'}^^^^ U {0} (where {0} = 000 . . . ). A C Af is an infinite 
closed (r, cr)-invariant proper subset of Af, which asserts that (r, ct) is not an ID 
semigroup. 

By Theorem 14.41 and the Small Period Theorem we have that (r, a. Id) is MC 
in CAT (Af ) . This is an example of an MC semigroup over the one-sided shift 
space which is generated by 3 elements only. Clearly, since every transformation 
commutes with a and Id, therefore, (r, a, Id) C CAT (Af ) is of minimal number 
of generators for a semigroup having the MC property over A2 . 

Let S C CAT (A^) be an MC semigroup. For any s, the minimal number of 
generators of S is at least 3. For s = 2 we saw that this number is actually 3. 

Problem 6.1. What is the minimal number of generators for a semigroup having 
the MC property for any s ? 

For s which is not a power of a prime, we constructed a semigroup in CAT (A^) 
generated by 2 elements which is ID. A semigroup E is called cyclic if E = (r) for 
some r. 

Problem 6.2. Is it true that a cyclic semigroup over A^ (s > 2) cannot have the 
ID property? 

What is the minimal number of generators for an ID semigroup over A^ for 
general s ? 
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By the theorems in section|4]one can see that the questions above, do not change 
significantly, when asking these questions about a semigroup over a two sided shift 
space. 

Although the ID property does not always follow from MC, it may be so for 
certain MC semigroups. Therefore we pose the following interesting question. 

Problem 6.3. Let Cl be a shift space and S C CAT (fl) a maximal com,m,utative 
sem,igroup of cellular automata trans form,ations. Are there any conditions on E 
which imply that E has the ID property? 
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